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INTERNATIONAL ECONOMIC REVIEW
Vol. 24, No. 1, February, 1983

LIMITS ON POPULATION GROWTH UNDER
EXHAUSTIBLE RESOURCE CONSTRAINTS*

By TAPAN MITRA!

1. INTRODUCTION

This paper is concerned with the following question: what patterns of population
growth? are consistent with the attainment of some well-known social objectives,
in the presence of exhaustible resource constraints?

In the literature on economic growth, with exhaustible resources as essential
inputs in production, exogenous population is treated as either exponentially
growing (see, for example, Solow [1974], Stiglitz [1974], Ingham and Simmons
[1975]), or stationary (see Solow [1974], Stiglitz [1974], Dasgupta and Heal
[1979]). Now, the first formulation (in the absence of technical progress) leads
to problems right away, since per-capita consumption for every feasible program
converges to zero (see Solow [1974], p. 40). Also, with a Classical Utilitarian
objective, it leads to the non-existence of an optimal program (Ingham and
Simmons [1975]). Thus the second formulation is found to be the more prevalent
set-up.

Solow sums up this position as follows: “The convention of exponential
population growth makes excellent sense as an approximation so long as popu-
lation is well below its limit. On a time-scale appropriate to finite resources,
however, exponential growth of population is an inappropriate idealization. But
then we might as well treat the population as constant,”’ (see Solow [1974], p. 36).

For reasons mentioned above, anyone who tries to formulate a growth model
with exhaustible resources in an interesting way will fully appreciate this position.
However, the last statement in the passage does seem to be somewhat abrupt,
unless one believes that (say, for biological reasons) if population grows at all,
it must do so exponentially!

It does seem to me to be worthwhile to explore, in a more systematic way,
the exact limits on population growth under exhaustible resource constraints.
When I am done, I hope to demonstrate, as a by-product, the special significance
of an economy with zero population growth.

* Manuscript received August 10, 1980; revised February 4, 1982.

! Research leading to this paper was partially supported by a National Science Foundation
Grant, and an Alfred P. Sloan Research Fellowship.

2 It should be noted that the problem is nor to find an optimum population policy, treating
population, or its growth rate, as a control variable. Rather, population is exogenously given,
and the problem is to determine precisely what population profiles are consistent (or incon-
sistent) with an economy’s welfare objectives. The problem of optimum population policies,
with exhaustible resource constraints, is treated in papers by Koopmans [1974], Lane [1977], and
Dasgupta and Mitra [1980].
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156 T. MITRA

In Sections 3 and 4, the paper examines the constraints that must be imposed
on population growth, in order to attain the following two welfare objectives.
One is the attainment of a non-trivial “‘maximin’’ program (for a definition, see
Section 2)- The other is the attainment of an “optimal’’ program in the Classical
Utilitarian sense. More precisely, the paper obtains conditions on the production
function, the utility function (in the “optimality’’ exercise) and the pattern of
population growth which are sufficient for the existence of a non-trivial maximin
program, and for the existence of an optimal program. Furthermore, parallel
necessary conditions for the existence of non-trivial maximin and optimal pro-
grams are obtained, which are “close to’’ the sufficient conditions mentioned
above. Thus, the results might be viewed as an “almost’’ complete answer to
the question posed in the first paragraph of this paper.

As is to be expected, the necessary and sufficient conditions obtained for both
welfare objectives, express the fact that population should not grow “too fast’
(in a sense made precise in the statements of the theorems). The conditions are
easily applicable to cases in which a pattern of population growth is parametrically
specified, and this is demonstrated with some examples. These examples show
that population growth in “quasi-arithmetic progression’’ (meaning that popu-
lation at date ¢, L,=(t+1)* for t>0, with 1>0) rather than “geometric progres-
sion’’ can be perfectly consistent with the attainment of our welfare objectives.

‘In Section 5, we examine two economies, which are identical in all respects
except for their population growth patterns. If one economy always has at
most as high a growth rate of population as the other, the first economy can
enjoy at least as high a per-capita consumption level at each date as the second.
As a result, we find that the first economy is at least as well-off as the second in
terms of both the maximin and the optimality objective. This comparative
dynamic exercise shows that, ceteris paribus, an economy with constant popu-
lation (equal to the given initial population) is going to be at least as well-off as
any other economy (with the same initial population) for which population is
non-decreasing over time.

2. THE MODEL

Consider an economy with a technology given by a production function, G,
from R} to R,. The production possibilities consist of capital input, K, exhaust-
ible resource input, D, labor input, L, and current output, Z=G(K, D, L) for
(K, D, L)=0.3

Capital is non-depreciating, and the total output is Y=G(K, D, L)+ K, for
(K, D, L)>0. A total output function, F, can then be defined by

@2.1) F(K,D,L)=G(K,D,L)+ K for (K, D,L)>0.

3 For any two vectors, x and y, in R¥, x>y means x;>y, for i=1,..., N; x>y means x>y
and x#y; x>y means x,>y, for i=1,..., N.
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LIMITS ON POPULATION GROWTH 157

The production function, G, is assumed to satisfy:

(A.1) G is concave, homogeneous of degree one, and continuously differentiable
for (K, D, L)>»0.

(A.2) (Gg, Gp, G)»0 for (K, D, L)»0.

The initial capital input, K, and the initial available stock of the exhaustible
resource, S, are considered to be historically given, and positive. The available
labor force (considered identical to “‘population’’), L,, is exogenously given at
each date, and satisfies

2.2) Ly=L,L,,,=L, for t=0,sup[L,,,/L] < 0.
t>0

A feasible program is a sequence (K, D, L, Y, C)=<(K,, D,, L,, Y, 1, C,4 1>
satisfying

Ko=K, $D,<S8 L =L, for >0

t=0
(2.3) Yoo1 =F(K,, D, L), Coiy = Yiuy — Kiiy for 1>0
(Kn Dn Lu Yr+l’ Ct+l) 2 O fOl' t 2 0

Associated with a feasible program (K, D, L, Y, C) is a sequence of resource
stocks {S)=<S,>, given by

(2.4) So=3S8,S,.,=8-D, for t>0.

By (2.3), S;,>0 and S,,,<S, for t>0. A feasible program (K, D, L, Y, C) is
interior if (K,, D)>»0 for t>0. It is regular interior if (K,, D,, C,;,)>»>0 for
t>0.

Given a feasible program (K, D, L, Y, C), we denote

k, = (K,/L,), dr = (D,/L,), gi+1 = (Ll+l/Lt) for t>0
Ver1 = (Yo 1/Liv1)s €vy = (Crat/Lisy) for ¢1>0.

(2.5)

sumption level if

(2.6) infé, > 0.

t>1
It is equitable if

2.7 C, = Cryy for t>1.

It is a non-trivial equitable program if it is equitable, and can maintain a positive
per-capita consumption level. It is a maximin program if

(2.8) infé, > infe,

t>1 t>1

for every feasible program <K, D, L, Y, C>. Itisa non-trivial maximin program
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158 T. MITRA

if it is a maximin program and can maintain a positive per-capita consumption
level.

Felicity from consumption is obtained, according to a utility function, u,
from R, to R. The utility function is assumed to have the following properties:

(A.3) u(c) is increasing in c for ¢>0.

(A.4) u(c) is concave and continuous for ¢ =0, and continuously differentiable
for ¢>0.

(A.5) u'(c)> o0 as c—0.
A feasible program (K*, D* L* Y* C*) is optimal if

2.9) limsup 3 [Lu(c,) — L¥u(c¥)] < 0
T t=1

for every feasible program (K, D, L, Y, C).

3. THE MAXIMIN OBJECTIVE

The problem I will address in this section is to find necessary and sufficient
conditions on the sequence {L,> and the function G, such that there will exist a
non-trivial maximin program.

A necessary condition for the existence of a non-trivial maximin program is the
existence of a feasible program which can maintain a positive per-capita con-
sumption level. Given our assumptions, it also turns out to be sufficient. Thus,
the basic problem may be stated as follows: find necessary and sufficient conditions
on the sequence {L,) and function G, such that there will exist a feasible program
which can maintain a positive per-capita consumption level.

The existence of a non-trivial maximin program also implies the existence of
an efficient equitable program. Thus, once the basic problem (posed in the preced-
ing paragraph) is solved, we will know the conditions under which the objectives
of efficient allocation of resources and that of intergenerational equity do not
conflict.

In order to obtain precise limitations on population growth, we have to specify
the production function, G, in parametric form. Following Solow [1974],
Stiglitz [1974] and others, I will assume that G is Cobb-Douglas:

(A) G(K,D, L) = K*DPLY, (2, B, ) » 0, a+f+y=1

Given (A), (A.1) and (A.2) are clearly satisfied.

In a model of growth with exhaustible resources, the Cobb-Douglas or something
“close to it”” asymptotically, is often found to be the only really interesting case.
For an elaboration of this point, see Solow [1974, p. 34].

My choice of (A) is, however, more for technical reasons. Even with (A),
the answer to the problem I have posed is sufficiently involved, since we have
imposed no parametric structure on the population path (L,>. An alternative
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LIMITS ON POPULATION GROWTH 159

route could be to place some parametric structure on {(L,> (say, assume that
L,=(t+1)* with A>0), while keeping the production function, G, of a general
form, given by (A.1) and (A.2).

My choice of the first route is a matter of taste. That is, I am more interested
in finding the limitations on population growth, given a certain reasonable para-
metric technological structure, than in determining the technological requirements,
given an ad hoc parametric population path structure.

Of course, the general problem is as I have posed it at the beginning of this
section, with no parametric structure on either G or the sequence (L,>. I doubt
very much that the general problem can be solved as precisely as I have been able
to solve the particular case. However, this is certainly an interesting open
question.

Given (A), I will denote [y/(1—p)] by 0; [oc/(l Bl by 6; [(1-B)/(1—a)] by
u; [(oz BJ(1—a)] by v; sup [L,,/L] by M; 2 L? by A,. For O<e<a, denote
(x—e) by a, (B+¢) by b; [(1 b)/(1—a)] by m; [(a b)[(1—a)] by n.

LemMA 3.1. Under (A4), and o>, if e is a number such that 0<e<a, and
a>b, then there is a feasible program {K, D, L, Y, C> and a scalar E>0 such
that

3.1 Cio1 > E(42ILY)  for t>0.
Proor. Choose g>0, with g sufficiently close to zero to ensure that
3.2) e(l1—a) + e(1—b) > g(1—a)b.
Clearly, this can be done. Then, it can be verified that
(3.3) ma — (1+¢)p = n.

Denote [L{/A(1+4)] by H, for t>0. Then, by the Abel-Dini Theorem (see
Knopp [1964, p. 299]), i H,<o. Define B*=2m(1+M)"M®. Choose h>0,
t=0
such that

(3.4) ﬁo RBH, = .

Define h=min[%, h, K].

Define a sequence <K, D, L, Y, C) as follows: L,=L, for t>0; Ko=K, K,=
hAp for t>1; D,=hBH, for t>0; Y,,,=G(K,, D,, L)+ K,, C,.1=Y, 1 — K,
fort>0. Thesequence (K, D, L, Y, C) will be a feasible program, if we can show
that C,,,>0 for t>0.

For t>0, G(K,, D, L,)=h*A"*hfBPHFL} = h(**BBBAma—(1+$)I[ 8 > p(ath).
BfArLY? [by (3.3)] =hBFA’L? (since O<a+pB<1 and O<h<1). Now, for
t>0, (K, —K,)<hA? ,—hA"<hmA?!, L%, ,. For t>0, we have

[4r41/4] =1 + [L244/A] < [1+M].
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160 T. MITRA

So (K4, —K)<hm(l +M)"A;’M°L?=—£—hB”A;'L$’. Therefore, C, . , 2-%—hB”A;'L$’
for t>0, and (K, D, L, Y,C) is a feasible program. Also, (C,,/L,+{)>
hBb(A? /L) (1/2M) for t>0,-so choosing E=(hB?/2M), (3.1) is satisfied. Q.E.D.

PROPOSITION 3.14.  Under (A), there exists a feasible program which can
maintain a positive per-capita consumption level if

(3.5a) (i) a>p
(3.5b) (i) sgg[L;’/A,““]<oo for some £>0.

ProoF. Choose 0<e<a, with e sufficiently close to zero, to ensure that a> b,
and n>v—e¢. By Lemma 3.1, there is a feasible program (K, D, L, Y, C) and
a scalar E>0, such that (3.1) holds. Since n>v—g, so by (3.5b), inf (A4"/L{)>0,

=20

and so inf¢,, ;>0. Q.E.D.
t>0
LEMMA 3.2. Under (A), if (K, D, L, Y, C) is a feasible program, then there
is a scalar 0< V< o0, such that
3.6) K, <vA?  for t>=0.

Proor. Consider the pure accumulation program (K D, L
R,=K,R,.,=R,+G(K,, D,, L) for t>0; L,=L,, D,=D, for t
C,.;=0for t>0. Then, for t>0,

,Y, &> given by
>0:7 R

x+1=Kr+1s

(3.7 R\ — K, = KeDILS.
Since K, >K,, so (3.7) yields
(3.8) Kizr — Ri=* < [K,., — K]/Ks = D/L}.

Writing L? as [L8]¢*~#, and using Holder’s inequality in (3.8), we get for T >0,

_ T T

Rize —Ri*<[ Y D[ Y LOJI-H< SPA-P. Hence, KIza <R+ SPAL-H
t=0 t=0

for t>0. So, there is a number 0< V< 00, such that for t>0,

(3.9 R, < vAla-pa-ol — ygu

Clearly, K,<K, for t>0, so K,< VA" for t>0. Q.E.D

4 It is possible to show that the following alternative set of conditions are also sufficient for
the existence of a feasible program maintaining a positive per-capita consumption level:

(i) a>8,
G) $ (LLo-n1/Q@in] oo
=0

1
where Q,= 2. L, for t>0.

s=0
However, it is not known whether these conditions (or even something *“close to” these condi-
tions) are necessary for the existence of a feasible program maintaining a positive per-capita
consumption level.
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LIMITS ON POPULATION GROWTH 161

LemMA 3.3. Under (A), if there is an efficient program {K, D, L, Y, C),
such that ¢; >0, and ¢, =c, for t>1, then

(i) cppq<kzd® for t>0, and

(i) a>p.

Proor. By the proof of Proposition 3.2 of Dasgupta and Mitra [1979],
(K,D,L,Y,C) is interior. Then, by Proposition 3.1 and Theorem 4.1 in
Mitra [1978],

(3.10) Gp,,, = GpFk,,, for t>0.
~ I claim now that for t>0,
(3.11) Coq < kodb.

Suppose, on the contrary, there is some t=t for which ¢, ;>k*d®, then c,, ;=
kzd®? +-¢, where e>0. Note that, by feasibility,

(3.12) Kewr = ke < Gow ke — ke = kd? — oy 1oy

NOW, g,y 1Cor1>Coyq =ked? +¢, 50 by (3.12), k., <k,—e<k, Using (3.10), we

have Gp,,,>Gp,, so that
(3.13) (kgyi k) > (dizf[di™?)  for t>0.

Since k,,,;<k, so d..,<d, by (3.13). Hence, k2, ,d?  <k*d?, and so,
Gea2Cer2>Copr > oy =kid? +e>ke, 1 d2,  +e. Hence, by (3.12), kyip<k, i —
¢. Continuing this procedure for each succeeding period,

(3.14) kiyi <k, — ¢ for t> 1.

But (3.14) implies k, <O for large ¢, a contradiction. This establishes the claim
made in (3.11), and proves (i).
By (i), we have for 1 >0,

(3.15) KeD!L? > ¢, L,

By Lemma 3.2, we know that (3.6) holds. Using this in (3.15), we have, for
t>0,

(3.16) D, > [c,;(UDLA=MIB]I[V (@I8) 4(anlp)],

Now, (1-y)/p=(+p)/f>1>y/(2+y)=7/(1-p)=0. And [ap/f]=[x(1-p)/
B(1—w)]. So by (3.16),

(3.17) D, > [{1/P |V @/B][LE]Ale(1=p/B(1=0T],

Since i D,< o0, so by the Abel-Dini theorem (see Knopp [1964, p. 299]),
t=0

[o(1—PB)/B(1 —a)]>1, that is >, which proves (ii). Q.E.D.

LemMA 3.4. Under (A), and o> P, if (K, D, L, Y, C) is an interior efficient
program, then there is a scalar E>0, such that
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162 T. MITRA

(3.18) ked? < E[AY/L?]  for t>0.

Proor. Since (K, D, L, Y, C) is interior and efficient, so by Theorem 4.1
in Mitra [1978], [K,/Gp ]—0 as t—co. That is, there is an integer T< oo, such
that for t> T, [K,/Gp]<1. Using this, we have for t>T

(3.19) [K,/Gp] = [K}*D}FILY] < 1.
Now, (3.19) implies that, for t>T,
(3.20) D, < [L8/K{1/m,

Hence, for t>T, using Lemma 3.2, and (3.20) G(K, D, L)=K*DFL)<
KaL#o+») [KBIW = KLa=p)/(1=-HI[8 < PLa-B)/(1-BI4YLI (since a>f). Thus, for
t>T, we have,

3.21) kadf < VUe=HIA=-BI[ 47/ L?].
Since T< o0, it is possible to choose E>0, such that (3.18) holds. Q.E.D.

ProposITION 3.2.  Under (A), if there is a feasible program which can main-
tain a positive per-capita consumption level, then

(3.22a) (i) a>p,
and
(3.22b) (i) sg(;)) [L?/AY] < 0.

PrOOF. If there exists a feasible program {K*, D* L* Y* C*) which can
maintain a positive per-capita consumption level, then, clearly, there is an equitable
program {K', D', L', Y', C") with

[Ci/L,] = inf[C¥/L¥] >0 for t>1.
t>1
Then, by Theorem 1 of Dasgupta and Mitra [1979], there is an efficient equitable
program (K, D, L, Y, C) with ¢,=c, >0 for t>1.

By Lemma 3.3, (3.22a) holds. Also, (3.11) holds. Hence, by Lemma 3.4,
(3.18) holds. Combining (3.11) and (3.18), we have for >0,

(3.23) ¢, < ¢4q < ked? < E[AY/LS].
It follows from (3.23) that (3.22b) holds. Q.E.D.

Remark. Tt should be noted that the method of proof actually ensures a
stronger result than stated in Proposition 3.2; namely, if there exists a feasible
program which can maintain a positive per-capita consumption level, then

(3.24a) (i) a>p,
and
(3.24b) (i) lim[L¢/AY] = 0.
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LIMITS ON POPULATION GROWTH 163

The weaker form is retained in Proposition 3.2, merely for comparability with
Proposition 3.1.

The importance of Propositions 3.1 and 3.2 in solving the problem addressed
in this section is given in Theorem 3.1 and Corollary 3.1. The proofs are omitted,
as a straightforward adaptation of the arguments used in Dasgupta and Mitra
[1979, Theorem 1 and Corollary 1] is possible.

THEOREM 3.1. Under (A), there exists and efficient equitable program if
and only if there exists a feasible program which can maintain a positive per
capita consumption level.

COROLLARY 3.1. Under (A), a feasible program is an efficient equitable
program if and only if it is a non-trivial maximin program.

Solow [1974] and Stiglitz [1974] have already shown (albeit in a continuous time
model) that if (A) holds and L,=Ln*, where n>1, there exists a feasible program
which can maintain a positive per-capita consumption level iff (i) «>pf, and (ii)
n=1. This result also follows directly from our Propositions 3.1 and 3.2.5

We now consider an example in which population grows to infinity over time,
but still there exists a feasible program which can maintain a positive per capita
consumption level.

ExampLE 3.1. Consider that (A) holds, >, L,=L(t+1)*, and 0<A<(«/f)—
1. (A numerical example would be the following: G(K, D, L)=K?920D-05[0.75;
so «=0.20>0.05=p. Let L,=L(t+1)? for t>0; then A=2, so O0<i<(x/f)—1
is satisfied, since 0<2<(0.20/0.05)—1=3). Then, clearly L,—»c0 as t—o0.
Also, by Proposition 3.1, there exists a feasible program which can maintain a
positive per-capita consumption level.® (Note that the numerical example we
have given draws upon empirical evidence reported in Dasgupta and Heal [1979,
p. 205 and p. 243].

4. THE UTILITARIAN OBJECTIVE

In this section, I will obtain necessary and sufficient conditions on the produc-
tion function G, the utility function u, and the sequence <L,», such that there
will exist an optimal program, in the Classical Utilitarian sense.

For this purpose, I will retain assumption (A) on G, and use the following
parametric form of u:

5 When n=1, and G does not necessarily satisfy (A), (that is, G is a general neoclassical pro-
duction function), the necessary and sufficient conditions for the existence of a feasible program
maintaining a positive per-capita consumption level, are obtained by Cass and Mitra [1979].

¢ Consider that (A) holds, and L,=L(¢-+1)*, where 2>>0. We note that by Proposition 3.2,
if there exists a feasible program which can maintain a positive per-capita consumption level,
then 1<(a/B)—1. Moreover, by using (3.24a) and (3.24b), one can get the more satisfactory
result that “A<(a/B8)—1" itself is necessary and sufficient for the existence of a feasible program
which can maintain a positive per-capita consumption level.
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164 T. MITRA

B) u(c) = —(1/¢%) where o > 0.

Note that (B) clearly implies (A.3)~(A.5). Given (B), we will denote —u(c) by
v(c).

Given (A) and (B), the conditions obtained provide us with precise limitations
on population growth (in relation to the production and utility specifications)
to be consistent with the attainment of the utilitarian objective.

ProrposiTION 4.1.  Under (A), (B), there exists an optimal program if
(4.1a) (i) a>p
(4.1b) (ii) ve>1
and

@io) iy % LT
. 11
c <o A;’c—é

< for some £>0

PrOOE. By (4.1c), there is &, satisfying va>£>0. Let ¢ denote (¢/0); then
v>¢>0. Given (4.1a) choose 0 <e<a, with e sufficiently close to zero, to ensure
that a>b, and n>v—e.

By Lemma 3.1, there is a feasible program {K, D, L, Y, C), and a scalar E>0,
such that (3.1) holds. Since n>v—¢, so

4.2) vy > E(Ay2/L?)  for t>0.

Then, for ¢>0, Ly 0(c,+ 1) =(Ly+1/LOL(Cr4 1) <MLL /E° A" ] < (M/E?)-
[L$1+6a)/Agv—é].
Then, by (4.1¢),

4.3) :;0 Lyy1v(ciyq) < 00.

Then, by Brock and Gale [1969, Lemma 2], there exists an optimal program.

Q.E.D.

PROPOSITION 4.2. Under (A), (B), if there exists an optimal program, then
(44a) (i) a>p
(44b) (ii) voe>1

and
0 (1+44)
(dc) Gin) > L o o
=0 Aj°

PRrROOF. Suppose there is an optimal program, call it (K, D, L, Y, C).
Then, for each ¢>1, the expression Lu{[F(K,_, D,_y, L,_;)—K]/L}+
L,, u{[F(K, D,, L)—K,,,]/L,+} must be a maximum at K=K,. By (A), (B),
the maximum must be at an interior point; that is (C,,, K,, D,)>»0 for t>0.
So,
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4.5) u'(c,) = u'(c1)Fk, for t>1.

Also, for each t>1, and for 0<D<D,_y+D,, the expression Lu{[F(K,_, D,
Lt—l)_Kt]/Lt}+Lt+1u{[F(Kt> Dt—l +Dt_D9 Lt)_Kt+1]/Lt+1} must be a max-
imum at D=D,_,. Since the maximum is at an interior point, so

(4.6) u'(c)Fp,_, = u'(c,41)Fp, for t>1.
Define a sequence {p, g) in the following way:

Po = u'(c)Fy,; pr = u'(c,) for t>1

4.7

q: = u’(cl)FDO for t>0.
Note that by (4.6), (4.7),
(4.8) Pt = [qolFp]  for 130,

By (4.5), u'(c)>u'(¢;+1), SO ¢y1=>¢, for t>0. Hence, by Lemma 3.3 [using
the fact that <K, D, L, Y, C) is efficient], (4.4a) holds, and

4.9) Crpq < kodf for t>0.
Using (4.8) and Corollary 4.1 in Mitra [1978],

(4.10) zgo Pr+1Crsq < 0.

Using (4.7) in (4.10),

(@.11) S Lu'(c)e, < oo.
t=1

Using (B), u'(c)c=0c¢~?=0v(c) for ¢>0.
Hence, by (4.11), we have (since L, ;> L, for t>0)

(4.12) El Lo(c,4q) < o0.

By (4.9), and (3.18) [using Lemma 3.4],
(4.13) ¢r1 < E[AY/LS]  for t>0.
Using (4.13) in (4.12), we have

414 0 L$1+6o‘)

( . ) tgl EG,A!V—G_‘“ < 0.

Now, (4.4c) follows directly from (4.14). Since (1+0d)>1>0, so (4.4c) implies
by the Abel-Dini Theorem, that ve > 1, which establishes (4.4b). Q.E.D.

Remark.” Note that if an optimal program exists, then the period social wel-

7 Given the technique of analysis in Sections 3 and 4, it should be fairly clear how technical
(Continued on next page)
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fares [L,u(c,)] are summable, by (4.12). We will use this fact later, in Section 5.
Solow [1974] and Dasgupta and Heal [1979] have skown (in a continuous time
model) that if (A) and (B) hold, and L,= Ln', where n> 1, there exists an optimal
program iff (i) «>p, (i) n=1, and (iii) vo>1. This result also follows
directly from our Propositions 4.1 and 4.2.
We now consider an example in which population grows to infinity over time,
and still there exists an optimal program.

ExamPLE 4.1. Consider that (A), (B) hold, a>pf, vo>1, L,=L(t+1))*, and
O<i<[oa/(l —a+pfo)]—1. {A numerical example would be the following:
G(K, D, L)y=K?0-20D0-0510.75, y(c)= —(1/c?**); L,=L(:++1). Then «=0.20>
0.05=p; 60 =24, v=(3/16), so va=(9/2)>1; [oa/(] —a+ Po)]=(4.8/2)=2.4; A=1.
Since 0<1<24—1, so /A satisfies the inequality 0<A<[oa/(l —a+ fo)]—1.}
Then, it follows from Proposition 4.1, that there exists an optimal program.?
Note also that L,— oo as t— o0, since A>0.

5. A COMPARATIVE DYNAMIC EXERCISE

Consider two economies, with the same production function specified by (A),
and the same utility function specified by (B). The two economies have the same
initial stocks of capital, labor and exhaustible resource, K, L, §. The population
paths of both economies satisfy the restrictions given by (2.2). The difference
between the two economies is that the growth rate of population in the first is
always at most as high as that in the second. Can we then say, in some precise
sense, that the first economy is at least as well off as the second? This is the subject
matter of this section.

Let us denote the variables of the first economy with a superscript of 1, those
of the second with a superscript of 2. Assume that

(5.1 givi < 91 for t>0.

We then have the following result.

PRrROPOSITION 5.1.  Under (A), if (5.1) holds, and (K?, D?, L?, Y?, C?> is any
feasible program for the second economy, there is a feasible program {K!, D',

(Continued)

progress (not necessarily exponential) can be handled in this framework. More precisely, our
analysis could be used to answer a question of the following sort: ‘““What patterns of population
growth and technical progress are consistent with the attainment of some well-known social ob-
jectives, in the presence of exhaustible resource constraints?”” When both population growth
and technical progress are exponential, such a question has been answered by Stiglitz [1974],
and Mitra [1981].

8 Suppose (A), (B) hold and L,=L(t-+1)*, where 2>0. It follows from Proposition 4.2,
that if there exists an optimal program, then (i) a > $, (ii) vo > 1, and (iii) 2<[oa/(] —a+ fo)]— 1.
This, together with our conclusion in Example 4.1, shows that conditions (i), (ii) and (iii) are
necessary and sufficient conditions for the existence of an optimal program.
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L', Y!, C') for the first economy, with
(5.2) ey > c?y for t>0.

Proor. Define a sequence (K!, D!, L1, Y!, C') as follows. LetL!=L} for
1>0; Ki=k?L{, D{=D}, Y}, =F(K}, D!, L}), Cl{4; =Y} =K}, for t>0.
Then, for t>0,

Ct1+1 = G(K D}, Ll) + Kl t+1’ or

1
cho = () 160, @l D+k] = K

Lt+1
> (1602, 42 DAL _ gy
gi+1
9i+1
= Ct2+1 > 0.

Hence, <K', D', L', Y!, C') is a feasible program for the first economy.
Furthermore, (5.2) is clearly satisfied. Q.E.D.

Suppose, now, that for each economy a non-trivial maximin program and
an optimal program exist. We denote by W}, the maximin per-capita consump-
tion level, and by W/}, the sum of per-period social welfares on the optimal pro-
gram, for the first economy. The corresponding magnitudes of the second
economy are W3, and W3.

ProposITION 5.2.  Under (A), (B), if (5.1) holds, then
(i) Wi = Wi,

and
(i) wW§ > wi.

Proor. That (i) is true follows trivially from Proposition 5.1. To prove (ii),
note that L2>L! for ¢>0, by (5.1). If (K2, D?, L2, Y2, C%) is an optimal
program for the second economy, then there is a feasible program (K, D!, L!,
Y1, C') for the first economy, such that u(c!) >u(c?) for t>1 (by Proposition 5.1).
Since u(c)<0 for ¢>0, so Llu(c!)> Llu(¢?)> L?u(c?) for t>0. Consequently,
if (K, D!, L1, Y!, C') is an optimal program for the first economy,

This establishes (ii). Q.E.D.

Cornell University, U.S. A.

This content downloaded from 216.165.95.159 on Thu, 29 Aug 2019 17:43:50 UTC
All use subject to https://about.jstor.org/terms



168 T. MITRA

REFERENCES

Brock, W. A. aND D. GALE, “Optimal Growth under Factor Augmenting Progress,” Journal of
Economic Theory, 1 (1969), 229-243.

Cass, D. AND T. MITRA, “Persistence of Economic Growth Despite Exhaustion of Natural
Resources,” (1979). CARESS Working Paper #79-27, University of Pennsylvania.

DAsGUPTA, P. S. AND G. HeaL, Economic Theory and Exhaustible Resources (Cambridge Uni-
versity Press, 1979).

DasGupTa, S. AND T. MITRA, “Intergenerational Equity and Efficient Allocation of Exhaustible
Resources,” Cornell University Working Paper #207 (1979).

DASGUPTA, S. AND T. MITRA, “On Some Problems in the Formulation of Optimum Population
Policies when Resources are Depletable,” Cornell University Working Paper #226 (1980),
to appear in Economic Theory of Natural Resources (W. Eichhorn et. al. eds.), 1982.

INGHAM, A. AND P. SiMMoONS, ‘“Natural Resources and Growing Population,” Review of Economic
Studies, 42 (1975), 191-206.

Kworp, K., Theorie und Anwendung der unendlichen Reihen, (Berlin: Springer-Verlag, 1964).

KoopMans, T. C., “Some Observations on ‘Optimal’ Economic Growth and Exhaustible
Resources,” Economic Structure and Development,” ed. Bos, Linemann and de Wolff
(Amsterdam: North Holland, 1974).

LANE, J. S., On Optimum Population Paths (Berlin: Springer-Verlag 1977).

MiTRrA, T., “Efficient Growth with Exhaustible Resources in a Neoclassical Model,” Journal
of Economic Theory, 17 (1978), 114-129.

: , “Some Results on Optimal Depletion of Exhaustible Resources under Negative
Discounting,” Cornell University Working Paper No. 204, Review of Economic Studies, 48
(1981), 521-532.

SoLow, R. M., “Intergenerational Equity and Exhaustible Resources,” Review of Economic
Studies, Symposium on the Economics of Exhaustible Resources (1974), 29-45.

StiGgLiTZ, J. E., “Growth with Exhaustible Natural Resources: Efficient and Optimal Growth
Paths,” Review of Economic Studies, Symposium on the Economics of Exhaustible Re-
sources (1974), 123-137.

This content downloaded from 216.165.95.159 on Thu, 29 Aug 2019 17:43:50 UTC
All use subject to https://about.jstor.org/terms



	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7
	image 8
	image 9
	image 10
	image 11
	image 12
	image 13
	image 14

	Issue Table of Contents
	International Economic Review, Vol. 24, No. 1, Feb., 1983
	Front Matter
	Aggregation Over Time and the Inverse Optimal Predictor Problem for Adaptive Expectations in Continuous Time [pp.  1 - 20]
	Multiperiod Probit Models and Orthogonality Condition Estimation [pp.  21 - 35]
	Layoffs and Labor Supply [pp.  37 - 55]
	Regulation, Scale Economies, and Productivity in Steam-Electric Generation [pp.  57 - 79]
	The Efficiency Gains from Dynamic Tax Reform [pp.  81 - 100]
	The Optimal Quantity of Money: A Formal Treatment [pp.  101 - 111]
	On the Economics of Forests [pp.  113 - 131]
	Intergenerational Equity and Efficient Allocation of Exhaustible Resources [pp.  133 - 153]
	Limits on Population Growth under Exhaustible Resource Constraints [pp.  155 - 168]
	Wage Profiles, Layoffs and Specific Training [pp.  169 - 181]
	Capital Input Choice under Price Uncertainty: A Putty-Clay Technology Case [pp.  183 - 197]
	Asymptotic Expansions of the Distributions of the Test Statistics for Overidentifying Restrictions in a System of Simultaneous Equations [pp.  199 - 215]
	Errors in Variables and the Individual Structural Equation [pp.  217 - 236]
	Linearized Estimation of Nonlinear Single Equation Functions [pp.  237 - 248]
	Inference in Random Coefficient Panel Data Models: A Correction and Clarification of the Literature [pp.  249 - 254]
	Least Squares Approximations to Unknown Regression Functions: A Comment [pp.  255 - 260]
	Publications Received [pp.  261 - 263]
	Back Matter



